Several sources of noise limit the sensitivity of current gravitational wave detectors. Currently, dominant noise sources include quantum noise and thermal Brownian noise, but future detectors will also be limited by other thermal noise channels. In this paper we study a thermal noise source which is caused by spatial charge carrier density variations in semiconductor materials. We provide an analytical model for the understanding of charge carrier fluctuations under the presence of screening effects and show that charge carrier noise will not be a limiting noise source for third generation gravitational wave detectors. arXiv:2003.05345v1 [physics.app-ph] 
I. INTRODUCTION
Gravitational wave detection (GWD) [1, 2] is an exciting and growing field in the realm of high-precision metrology. For the first detection of a gravitational wave, complex infrastructure was built taking huge care to reduce all of the possible noise sources. In particular the fascinating accuracy of a displacement measurement of a macroscopic test mass is demonstrated on a level of about ∼ 10 −18 m [3] [4] [5] [6] [7] [8] .
A third generation of gravitational wave detectors is planned in order to access gravitational waves as a new channel of information into the universe addressing fundamental questions such as the nature of dark matter, the inner structure of black holes and the origin of the universe itself [9] . For third generation gravitational wave detectors (Einstein Telescope in Europe or Voyager and Cosmic Explorer in USA) the use of crystalline materials is considered [10] . Third generation gravitational wave detectors are severely limited by thermal noise. Therefore there is a high probability they will be run at cryogenic temperatures. At these temperatures crystalline materials have superior mechanical quality factors compared to conventional amorphous materials thus being less susceptible to thermal Brownian noise [11] [12] [13] [14] [15] [16] . Therefore, semiconductors such silicon are considered as possible substrate materials. This class of materials is potentially susceptible to novel noise channels.
In this paper we study thermal carrier noise in semiconductor materials. Similary to thermochemical noise [17] which is caused by the diffusion of optical impurities this source of noise originates from the thermal motion of free charge carriers in the transmissive optical elements. The Brownian motion of charge carriers leads to spatial variations of the free carrier density thus creating local fluctuations of the refractive index. These fluctuations will be probed by any beam of light transmitted through the optical element. Below we refer to this noise as thermal charge carrier refractive (TCCR) noise. For free charge carriers screening effects have to be considered which distinguishes TCCR noise from thermochemical noise. A quantitative analysis of TCCR noise is presented taking into account Debye screening which depresses TCCR noise.
II. PROBLEM STATEMENT
Earthbound gravitational wave detectors consist of a large scale Michelson interferometer with Fabry-Perot (FP) cavities in the arms for signal enhancement [18] . An incoming gravitational wave with the strain h displaces the end mirrors of the FP cavities by a length of δl:
In order to measure the variation of the gravitational metric h the displacement of the end mirrors is probed with a laser beam. The displacement of the end mirrors causes a phase shift between the interferometer arms which is enhanced by the FP-cavities and read out via interference of laser light of the two arm cavities. In this paper we investigate transmissive optics made of semiconductor materials which is particularly important for third generation gravitational wave detectors such as the Einstein telescope. In semiconductor optics such as silicon [19] free charge carriers are present. These charge carriers move thermally akin to Brownian motion thus creating local charge carrier density fluctuations η. As stated by Soref et al. [20] the refractive index n is dependent on the charge carrier concentration as an effect of the free carrier dispersion:
with ω l the laser frequency, n the refractive index of the semiconductor, e the elementary charge and m e the ef-fective mass of majority charge carriers. That is why the local charge carrier fluctuations η cause fluctuations of the refractive index δn. These fluctuations are probed by any laser beam propagating through the optical element. When a Gaussian laser beam propagates a distance L along the z-axis inside of e.g. the input mirror (test mass) of a FP cavity (see Fig. 1 ), it reads out the information on the variation of the refractive index inside the input test mass weighted by the light intensity distribution in the cross section. Hence, the optical path length of the laser beam is shifted by a value of ξ:
where L is the length of the mirror substrate, r 0 is the Gaussian radius of the light beam (referring to the length where the amplitude falls off by e −1 ), x, y are the transversal coordinates and d r is an integration over the volume of the input test mass. In the measurement we cannot distinguish between a fluctuation of the optical path length caused by noise or a length shift of the mirror caused by a gravitational wave. In this way carrier density fluctuations η inside transmissive semiconductor optics contribute to the measured strain as h ξ :
We call this noise thermal charge carrier refractive (TCCR) noise. In order to quantify TCCR noise we have to model the carrier density fluctuations under consideration of screening effects that occur for free charge carriers (section II B). Furthermore we have to understand how a change in the optical path length ξ is related to the strain h caused by the gravitational wave (section II A) and combine both to get an expression for the amplitude of TCCR noise (section II C). Finally we use this to explicitly compute the TCCR noise of ET input test masses (section III).
A. Coupling of noise induced changes in the path length and the measured strain
For simplicity reasons we consider a Michelson configuration with interferometer arms perpendicular to each other. To establish our model for TCCR noise we examine a Fabry-Perot (FP) cavity with mirrors as free test masses as shown in Fig. 1 . TCCR noise in the input test mass disturbs the optical path length nL by a value of ξ. From input-output relations we can see that the reflected amplitude B (see notations on Fig. 1 ) contains an additional fluctuation term in the frequency domain: where Ω is a spectral frequency, γ = T 2 /2τ is the amplitude relaxation rate of the FP cavity, τ = 2L 0 /c is the round trip time (usually Ωτ 1) and T and R are the amplitude transmittance and reflectance of the input test masses (R 2 + T 2 = 1, we assume T 1). The two terms in the first equation of (5) describe the perturbation created in the incident wave (after circulation inside the cavity) and the directly reflected one respectively. Effectively the cavity acts as a low pass Lorentz filter.
The fluctuation term should be compared with the signal term b s produced by the displacement δL = L 0 h s /2 (h s is the perturbation of the metric caused by the gravitational wave):
In gravitational wave detectors of the third generation there are FP cavities in the east and north arms, the light from them interfere on a 50/50 beam splitter. Thus, the signal b s (6) of the gravitational wave is increased by a factor of
On the other hand there are fluctuations ξ n and ξ e in the input test masses of the north and east arm cavities. As follows:
Note that the fluctuations ξ e and ξ n do not depend on each other and have equal power spectral densities. The power spectral density of ξ ET is equal to the power spectral density of ξ e (or ξ n ). Comparing (5) and (6) by taking into account (7) and (8) one can find that the variation of the gravitational metric h and the optical path fluctuations ξ are related as:
with F the Finesse of the Fabry-Perot cavity.
B. Thermal charge carrier density fluctuations
As suggested by the fluctuation-dissipation theorem we have to understand the dissipation mechanism (in our case that is diffusion) to describe fluctuations of charge carriers. For this reason we derive a diffusion equation including screening effects. We expect Debye screening to suppress diffusion processes thus reducing the fluctutations in the optical elements. Because of the residual doping in the large test mass substrates required for GW detection a majority charge carrier is present [21] . Without loss of generality we assume electrons to be the majority charge carriers. We start with the continuity equation for the carrier concentration n cc [22] :
where J is the current density described by [22] :
Here D is the diffusion coefficient, µ the carrier mobility, e the carrier charge, k B is the Boltzmann constant and T the temperature. The last term in (11) , which is proportional to a small electric field E, is introduced to account for Debye screening. The carrier concentration n cc can be described as a sum of a large constant n 0 and a small fluctuating part η:
with the electrical resistivity ρ e . The screening electric field E is given by the Poisson equation [22] :
Here = n 2 with n the refractive index and 0 is the vacuum permittivity. After substituting (11) into (10) whilst using (13) we get:
Since η is a small deviation from thermal equilibrium (i.e. a fluctuation) we have neglected any quadratic term of η. Finally we get a diffusion equation utilizing (14):
Here ∆ = ( ∇) 2 is the Laplace operator and D is the Debye length. Compared to conventional diffusion equations there is an additional term, −D η/ 2 D , which is a direct consequence of screening effects under the assumption of only having small deviations from thermal equilibrium η.
Next we want to include fluctuations. In the frame of Langevin approach [23, 24] we introduce the Langevin forces F( r, t) into the right part of (16):
These Langevin forces F( r, t) cause the Brownian movement of the charge carriers. They are uncorrelated representing white Gaussian noise:
The correlators of the fluctuation forces and the constant F 0 should be chosen to fulfil the equation:
which corresponds to the well known requirement (of a Poisson process) that the variation ∆N 2 of the particle number in a volume V is equal to the mean particle number: ∆N 2 = N [25] . From (19) one can find:
Now we can calculate the auto-correlation function of density fluctuations:
From that the double-sided power spectral density (PSD) S η,η ( k, ω) can be found using the Wiener-Khinchin theorem [26] :
C. Variations of the optical path length
Now that we know the spectral noise density of charge carrier fluctuation (22) and how a shift of the optical change of path length relates to the gravitational strain (9) we can combine these two results with the readout of the Gaussian beam (3) to get the measurable TCCR noise in a gravitational wave detector. The readout of the Gaussian beam, equation (3), can be rewritten as:
where η( k, ω) and Ψ( k) are Fourier transforms of η( r, t) and Ψ( r) respectively. To get the PSD of ξ we calculate the auto-correlation function of ξ:
Using (18) we can express the correlator as:
and substituting into (24) and using the Wiener-Khinchin theorem and the normalisation (20) we write down the double-sided PSD S ξξ (ω):
With the results of section II A we can rewrite (26) in terms of the GW metric using (9):
In the usual case, when the Debye length is much smaller than the physical dimensions of the systems, i.e. the Gaussian radius and the length of the substrate (see table II), D r 0 , L this expression can be simplified:
where τ is the Maxwell relaxation time. Here we used the normalisation:
The PSD can be converted into the amplitude spectral density (ASD):
Note that formula (27) for the spectral noise density is valid for frequencies smaller than the inverse diffusion time because the equation of motion (15) does not account for retardation effects. The diffusion time is either Figure 2 : ASD of TCCR noise in the input test mass substrates of ET at 10 K for pure Si, n D = 5 · 10 12 1 cm 3 . The ASD falls off with f −1 akin to a Brownian noise source. The frequency independent, approximated formula (28) cannot be used in this case because of the freeze out of charge carriers enabling the Debye length to become of order of the Gaussian beam radius (see table II ). determined by the Maxwell rexalation time or the electron lifetime whatever is smaller [27] . In silicon which is an indirect semiconductor the diffusion time is given by the Maxwell relaxation time (29) which is around 10 −8 s for pure silicon at room temperature. The limiting frequency is therefore around 10 8 Hz which is much larger than the frequency range of third generation gravitational wave detectors of 1 to 10 4 Hz [19] .
III. COMPUTATION OF TCCR NOISE
To quantify the magnitude of TCCR noise we are going to use the low-frequency interferometer of the Einstein telescope [19] as an example for a cryogenically operated third generation gravitational wave detector where the use of crystalline substrate materials is considered. Since we are examining transmissive TCCR noise the HR and AR coatings do not contribute significantly because of their small thickness. In amorphous coatings TCCR noise is even further reduced due to the low amount of free charge carriers.
TCCR noise is dependent on the diffusion coefficient D and the Debye length D (see table II for numerical values of D and D ). This is why it is indirectly also a function of temperature T and doping density n D . At this time large high-purity silicon samples can be produced with the magnetically assisted Czochralski technique with a resistivity of up to 10 kΩcm. To account for production difficulties we are looking at n-type silicon with a worse resistivity of 1 kΩcm which corresponds to a doping density of around 4.4 · 10 12 1 cm 3 , which is equivalent At the shown temperatures the ASD is a constant of frequency in the frequency interval of 1 to 10 4 Hz for Si. Due to a lack of data for the charge carrier mobility µ of doped materials at cryogenic temperatures we show the temperatures 77 K, 126 K and 300 K. The temperature of 126 K is interesting because at this temperature the thermoelastic coefficient of Si vanishes immensely reducing the thermoelastic noise. The ASD of Si at 77 K and 300 K cross due to a crossing of the charge carrier mobility at high levels of doping (see table II ). to a resistivity of 1 kΩcm at room temperature [21] . In order to calculate the mean carrier density n 0 as a function of the doping density a model for semiconductors with no compensation (no acceptors) has been used [29] :
Here g D is the donor degeneracy, n D is the donor concentration, E b D is the energy gap between donor level and the conduction band and n c is the conduction band edge density:
with m * d,e the effective density-of-states mass of the conduction band electrons. As dopants we considered shallow phosphorous donors which have a degeneracy of g D = 2 and an energy gap of E b D = 45 meV. Additionally, we want to be able to model the diffusion coefficient D. For this we used the Einstein-Smoluchowski equation in order to replace the diffusion coefficient D with the well investigated charge carrier mobility µ [29] :
A more precise expression for D can be obtained from taking into account the carrier band curvature. In our case though, the Fermi level is several eV deep within the band gap. Thus, the deviations from the Einstein-Smoluchowski equation are negligibly small. The mobility data for modeling D has been obtained from Jacoboni et al. [30] and Li et al. [31] . In Fig. 2 we have plotted the ASD of TCCR noise of the ET input test masses at its operation temperature of 10 K for pure Si, n D ≈ 5 · 10 12 1 cm 3 using the parameters shown in table I and II. All numerical calculations shown have been performed with Mathematica 11.3 [32] . We can see that the ASD of TCCR noise at 10 K reaches 5.3·10 −30 / √ Hz in Si. This noise amplitude is well below the sensitivity goal of the ET telescope of 3 · 10 −25 √ Hz. Therefore we can come to the important conclusion that TCCR noise is not a limiting noise source for the ET telescope and third generation gravitational wave detection in general.
Like all thermal noise sources TCCR noise scales with temperature, additionally it also increases with the doping concentration. In Fig. 3 we are showing the ASD of TCCR noise in dependence of the doping density for different temperatures. Because of the temperature range shown (77 K to 300 K) the Debye length of Si (see table II) is small enough to use the approximation given by formula (28) thus obtaining a frequency independent ASD up to at least 10 4 Hz.
The doping dependence can be explained in the following way: An increase in the doping concentration increases the mean carrier concentration n 0 and decreases the Debye length D . These effects compensate each other as can be seen in equation (28) . Furthermore in doped silicon (n D > 10 14 1
cm 3 ) an increase in the doping density n D also decreases the charge carrier mobility µ [31] and the diffusion coefficient D respectively (see table II) thus increasing the TCCR noise amplitude. Overall even for room temperature (compared to cryogenic operation) and high doping densities TCCR noise stays below the sensitivity targets of third generation wave detectors. Calculations with other III-V semiconductors with a smaller band gap (such as gallium arsenide) have shown that the TCCR noise amplitude does not increase significantly.
IV. CONCLUSION
We show a detailed analysis of thermal charge carrier refractive (TCCR) noise in metals and semiconductors from first principles especially taking into account screening effects. We show that Debye screening practically blocks diffusion processes, hence dramatically reducing TCCR noise. We apply our approach to the input masses of the Einstein telescope and show that TCCR noise is not a limiting noise source. Furthermore it can be seen that TCCR noise does not increase significantly at room temperature (compared to cryogenic operation) and high levels of doping of the material. For instance for silicon input test masses of ET at room temperature and a rather high doping density of n D = 10 16 1 cm 3 the TCCR noise amplitude is three orders of magnitude below the design sensitivity. Before this paper the driver for ultrapure silicon has been optical absorption and TCCR noise. With our derivation we show that TCCR noise is not a limiting noise source for substrate materials of third generation gravitational wave detectors. Nevertheless there is still a need for ultra-pure substrate materials due to limits set by the optical absorption [33] [21] . 
